Introduction
In [6] , J. Rickard defined derived equivalence of two k-algebras and built the derived Morita theory. Later in [7] , he showed that for two derived equivalent finite dimensional k-algebras, if one is symmetric algebra, then so is the other.
Symmetric algebras are closely related to Calabi-Yau algebras, a notion introduced by Ginzburg in [2] . In fact, Van den Bergh showed in [8] that if a Calabi-Yau algebra is Koszul, then its Koszul dual algebra is symmetric. It is then natural to ask whether or not for two derived Morita equivalent algebras, if one is Calabi-Yau, so is the other. In the note, we show this is true. In the following, we first recall the derived category of an abelian category and derived functors. Next, we remind the derived Morita theory and tilting theory of J. Rickard ( [6, 7] ). In the last section, we prove Theorem 1.1.
Derived categories
Let us collect some notions on derived categories (c.f. [1, 9] ). Definition 2.1. Let A be an abelian category. Suppose X • , Y • are objects of Kom(A), the cochain complex category of A and f, g ∈ Hom Kom(A) (X • , Y • ); we say f and g are homotopy equivalent if there is a morphism 
Equivalently, the derived category D(A) of A can be defined as the category whose objects are objects of K(A), and whose morphisms are morphisms of K(A) modulo by quasi-isomorphisms, i.e. morphisms of complexes inducing isomorphisms on homology.
Notation 2.4. Let A be an abelian category. Let Kom + (A) (resp. Kom − (A)) be the subcategory of Kom(A) such that for any M in Kom + (A) (resp. Kom − (A)), M i = 0 for i ≪ 0 (resp. i ≫ 0), and let Kom b (A) = Kom + (A) Kom − (A).
Similarly we may define the subcategories
Example 2.5. For any k-algebra A, there is a derived category D(A) whose objects are complexes of A-modules and whose morphisms are obtained from morphisms in the homotopy category of the complexes of A-modules by formally inverting all quasi-isomorphisms. A triangle is usually written as
Definition 2.8. An abelian category A is called a triangulated category if it is equipped with a translation functor and with a distinguished family of triangles (u, v, w), called the distinguished triangles in A, subject to the following four axioms:
(TR3) Given two distinguished triangles
as in the following octohedron
is a distinguished triangle, and the two other faces of the octohedron with f, g as edges are commutative diagrams. 
Definition 2.11. Let A be an abelian category. The localizing functor 
then there exists a natural transformation 
) −→ D(A) is the localizing functor associated to K(A), and Q B : K(B) −→ D(B) is the localizing functor associated to K(B).
Definition 2.14. Let A be a k-algebra. We denote by 1 A ∈ A the unit in A and by m A :
The opposite algebra A op of A is defined as the same vector space as A endowed with the multiplication m A op (a ⊗ k b) = m A (b ⊗ k a), for any a, b ∈ A op , and the unit 1
Let A and B be two k-algebras. There is an algebra structure on the vector space A ⊗ k B such that its multiplication is given by
for any a 1 , a 2 ∈ A and b 1 , b 2 ∈ B, and its unit is 1 A ⊗ k 1 B ∈ A ⊗ k B, where 1 A is the unit of A, 1 B is the unit of B.
We denote the k-algebra A ⊗ k A op by A e .
Let A, B and C be k-algebras. Since the abelian category B ⊗ k A op -Mod have enough projective objects, its derived category, denoted by D(B ⊗ k A op ), has a full subcategory
in homotopy categories takes any acyclic object in K − (A) to an acyclic object in K − (B).
Thus, we know that the functor N ⊗ L A ? :
can be lifted to be a derived functor on the associated derived categories.
Analogously,
can also be lifted to be a derived functor on the associated derived categories. Using this method, we can lift more derived functors from homotopy categories ([3, Charter 1]).
Derived Morita theory
In this section, we collect some facts on derived Morita theory, initiated by Rickard in [6, 7] . In the above, P roj − A is the category of all projective A-modules and P roj − B is the category of all projective B-modules, P A is the category of all finitely generated projective A-modules and P B is the category of all finitely generated projective B-modules. 
where
and 
Then we have derived equivalences
Y i ⊗ L A i ? ⊗ L A j X j : D(A i ⊗ k A op j ) −→ D(B i ⊗ BD − (A 0 ⊗ k A op 1 ) × D − (A 1 ⊗ k A op 2 ) (Y 0 ⊗ L A 0 ?⊗ L A 1 X 1 )×(Y 1 ⊗ L A 1 ?⊗ L A 2 X 2 ) ?⊗ L A 1 ? / / D − (A 0 ⊗ k A op 2 ) Y 0 ⊗ L A 0 ?⊗ L A 2 X 2 D − (B 0 ⊗ k B op 1 ) × D − (B 1 ⊗ k B op 2 ) ?⊗ L B 1 ? / / D − (B 0 ⊗ k B op 2 ) and D b (A 2 ⊗ k A op 1 ) op × D b (A 2 ⊗ k A op 0 ) (Y 2 ⊗ L A 2 ?⊗ L A 1 X 1 )×(Y 2 ⊗ L A 2 ?⊗ L A 0 X 0 ) Hom D(A 2 ) (?,?) / / D + (A 1 ⊗ k A op 0 ) Y 1 ⊗ L A 1 ?⊗ L A 2 X 2 D b (B 2 ⊗ k B op 1 ) op × D b (B 2 ⊗ k B op 0 ) Hom D(B 2 ) (?,?) / / D + (B 1 ⊗ k B op 0 ).
Proof of the main theorem
Let us first recall the definition of Calabi-Yau algebras.
viewed as an A emodule, has a bounded resolution of finitely generated projective A e -modules, and there is an isomorphism
In the above definition, we have used the A e -module structure A ⊗ k A which is given by
for any a 1 ⊗ k b 1 ∈ A e and a 2 ⊗ k b 2 ∈ A⊗ k A. A⊗A also has a right (A e ) op -module (or equivalently left A e -module) structure, which is given by
The two structures are compatible so that A⊗ k A has an A e ⊗ k ((A e ) op ) op -module structure, and the A e -module structure on Hom D(A e ) (A, A e ) is induced by this second module structure on A e .
Lemma 4.2. Suppose A and B are two derived equivalent k-algebras. If there is an isomorphism
Proof. Since A is derived equivalent to B, from Proposition 3.2, there is a complex of
is derived equivalence functor, and the functor
is also derived equivalence functor. Suppose we know that
. Using the derived equivalences above and Proposition 3.4 by letting A 2 = A e , B 2 = B e , A 1 = B 1 = k, A 0 = (A e ) op , B 0 = (B e ) op , we have that: Proof. Suppose there is a non-trivial complex X ∈ K b (P A e ), which is quasi-isomorphic to A in D(A e ). From Proposition 3.3, we have that the derived equivalence functor
can be restricted to be an equivalence functor
Thus, F (X) ∈ K b (P B e ) is quasi-isomorphic to
Proof of Theorem 1.1. Suppose A is a d-Calabi-Yau algebra. Then Lemmas 4.2-4.3 exactly say that B satisfies the conditions in Definition 4.1 and is therefore a d-Calabi-Yau algebra. Thus, we proved the theorem.
